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1 Introduction 



Our main consideration will be the physical problem proposed in jCGI^OO 
which can be stated as: 

Problem (P). Build a body of prescribed shape out of given materials of 
varying density, in such a way that the body has prescribed mass and so that 
the basic frequency( with fixed boundary) is as small as possible. 

This problem by virtue of Theorem 13 in [CGI^OO] can be converted into 
the following minimization problem. Given a bounded domain C M" with 
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smooth boundary, fix a > and A G [0, For any measurable subset 
D G Q, denote by Aq(q;, D) the first Dirichlet eigenvalue for the problem, 

— Am + axnu = Ao(«, D)u, on Q 

u = 0, on dn. (1.1) 

Define, 

Au{a,A)= inf Xn{a,D). (1.2) 

Dcfl,\\D\=A 

A minimizer D to (11.21) will be called an optimal configuration for the 
data {Q,a,A). For this D we denote the associated eigenfunction solution 
to (0.1) by u. The pair {u,D) will be called an optimal pair solution to the 
composite problem or for short a solution to the composite problem. 

A variational formulation of our problem is also possible and is given by 
(see |CGI+00j ). 

An{a,A)= inf [ {\Vu\^ + axou^). (1-3) 

«GHi(n),||D|=A \\u\\2=iJq 

Theorem 1 in [CGI"'"00j estabhshes the basic properties of the existence 
and regularity of optimal pairs. 

Theorem 1.1. |CGI"'"00] For any a > and A G [0, there exists an 
optimal pair {u,D). Moreover, the optimal pair {u,D) has the property, 

(a) u G C^'"'(U) n H^m, for every 7 < 1. 

(b) D is a sub-level set of u, that is there exists c > such that, 

D = {u< c}. 

(c) If a 7^ A^i^a, A), then every level set {u = s} has measure zero. 

See Remark 12.21 for additional comments regarding (c). From Theorem 
13 in |CGI"'"00] we also know that the physical problem (P) stated earlier is 
equivalent to the variational problem (11. 3p provided, 

a<Ania,A). (1.4) 



2 



In the sequel we shall always assume fll.4p . Now putting together Theorem 
11.11 and the variational characterization of the problem (0.3) we see that the 
Euler-Lagrange equation of our problem is: 

-Am + ax{u<c}U = An(«, A)u, in Q 

u = 0, on on. (1.5) 

In Section 2 we first turn to the problem of uniqueness of optimal pairs 
(u,D). A principal result of [CGI^OO] is that even in domains that exhibit 
symmetry, the optimal pair need not be unique, and in fact uniqueness is 
known without any assumptions only if Q is the ball. Nevertheless, we es- 
tablish that generically there is a sort of weak uniqueness in the problem. 

Theorem 1.2 (Weak Uniqueness). Assume (0.4). For almost every value of 
v4 G (0, |fi|), there exists c > such that for all optimizing pairs {ui, Di), 

Di = {x\ui{x) < c}. 

Thus though there is non-uniqueness in the problem, the level height 
where one must cut-off the eigenfunction to get Di must generically be the 
same for all eigenfunctions. 

Under additional assumptions, that is if eigenfunctions agree at one point 
to infinite order or if Q is convex in with additional assumptions, the as- 
sertion of weak uniqueness can be turned into a statement of true uniqueness. 
See for example. Lemma [2.91 and Theorem 12. II in Section 2. 

In Section 3 we turn to the regularity of the free boundary JF, defined by, 

JF = {x\u{x) = c}. (1.6) 
We recall an initial result. Theorem 8 in |CGK00j . 

Theorem 1.3. Let Xq G J-". Assume Vu(xo) 7^ 0. That is Xq is a regular 
point of the free boundary. Then there exists a ball B{xq, r) of radius r > 
centered at Xq, and a real-analytic function (p{xi, X2, ■ ■ ■ , x„_i) such that, 

J^r\B{xo,r) = {(xi,X2,--- ,Xn)\Xn = 0(Xi,X2,--- ,Xn-l)}. 

That is the free boundary in the neighborhood of a regular point is a 
hypersurface given by the graph of a real-analytic function. 
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Subsequently Blank |Bla04] performed a blow-up analysis in dimension 2 
to classify the singular points of JF, that is those points on T where Vm = 0. 
This analysis in dimension 2 was completed in the paper by Shahgholian 
[Shaj ■ who also obtained a condition that guarantees when singular points of 
T in dimension 2 are isolated. 

The free boundary problem for the composite problem can be easily con- 
verted to an equivalent problem (see for e.g. [Shaj ). given by, 

= /X{t>>0} - 5'X{t;<0}, 

f,geC''\ f>0,g<0, f + g<0. (1.7) 
Our main result concerning the structure of JF in Section 3 is: 

Theorem 1.4. [Structure of the Free Boundary of Solutions (11.71) ] For Q C 

M", there is a decomposition, 

.F = .Fo u 5,! u si 

where has Hausdorff dim < n—2, Ti."'^^{Sl) < C, and for all xq G J-'q, there 
exists a ball B{xq, r) centered at xq such that, jFfi i?(xo, r) is a hypersurface 
given by the graph of a real-analytic function. 

The principal tool we use to perform our blow-up analysis and thereby 
get Theorem 11.41 is an energy functional introduced by Weiss |Wei98j . Set, 
(/ = fo, 9 = go) 



^(0 = -^/ (|V^^P + 2(/o.+ + ,oO)--^/ u\ (1.8) 

^ JB{xo,r) ^ JdB{xo,r) 

Weiss showed that W{r) is monotonically increasing. We offer an alter- 
native proof based in part on the Rellich-Pohozhaev identity which explicitly 
shows that no structural assumptions are needed to get the monotonicity. 

Next we proceed to classify the blow-up limits in the spirit of the paper by 
Monneau- Weiss |MW05j . Two points are to be noted in contrast to |MW05j . 
First that in our case blow-up limits are non-degenerate, and second that we 
have two types of blow-up limit solutions that are homogeneous of degree 
2. This is already evident in the work in dimension 2 by Blank |Bla04] and 
Shahgholian |Sha] . 
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Lastly we address the question of C^'^ bounds. In general such bounds 
are not available for the composite problem if we only analyze the Euler- 
Lagrange equation {\1.7\i . So-called cross solutions arise from homogeneous 
harmonic polynomials of degree 2 with corresponding failure of C^'^ bounds 
in dimension 2 as has been exhibited by Andersson and Weiss |AW05j in 
the case / = —l,g = 0. The example of Andersson- Weiss can be easily 
extended to all dimensions by the addition of dummy variables. We show 
that the |AW05j construction extends to our setting (Remark I3.20p . Our 
regularity result proved in Section 3 is: 

Theorem 1.5. The free boundary JF = GUB, where in G we have pointwise 
C^'^ bounds and B has Hausdorff dim < n — 2. (See Theorem 13. 4[ Definition 
EH and Remark KWh . 

It remains open whether proceeding from the variational problem instead 
of (11.71) allows one to get C^'^ bounds. It is readily seen that global assump- 
tions on the boundary of Q do ensure that C^'^ bounds and full regularity 
are achieved. A result of this type proved in Section 3 is, (Proposition 13. 7p 

Proposition 1.6. Assume f2 C has two axes of symmetry. Then the free 
boundary JF is a real-analytic curve and u e C^'^. 

2 Uniqueness and Weak uniqueness 

Our goal is to prove Theorem 11.21 of the introduction in this section. We 
shall also show that a weak uniqueness assertion like in Theorem 11.21 can 
be converted to a uniqueness assertion on convex domains with additional 
assumptions. Let C M", be a bounded domain with dQ smooth. For 
a > 0, A G [0, and D (Z fl, let Aq(q;,D) = A, be the lowest eigenvalue 
to, 




(2.1) 



A 



inf 




(2.2) 
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Lemma 2.1. There exists a unique minimizer v G of fl2.2l) with ||f II2 = 1, 
which is non- negative. 

Proof. By Theorem 8.38 in |GT83j . the eigenvalue A is simple and the eigenspace 
is spanned by a non- negative eigenfunction. Since ||f II2 = 1, we have a unique 
non- negative eigenfunction, with the property, ||t'||2 = 1. □ 



Define 



A = An{a,A)= inf X{a,A). 

\D\=A 



Remark 2.2. Assume a < A. Then for the solution to the composite prob- 
lem {u,D) stated in the introduction, \{u = s}\ = 0, for all s. This is 
Theorem 1(c) in [CGI^OO] . Note that s = is not covered by the proof in 
|CGI"'"00j but is easily ruled out by superharmonicity of u. 

Lemma 2.3. Let J-' = {u : u = c}, where D = {x E fl : u < c} and {u, D) is 
the solution of our composite problem. Then Vm ^ on JF. (In fact in the 
boundary of each connected component of Vm cannot be identically 0). 

Proof. Assume Vu\jr = 0. Consider the open set = {x : u > c}. Since 
y4 < by remark [2^2} |0| > 0. Let f/ be a connected component of 0, and 
let 

-Aw = nuw in U ^2 3^ 

w\qu = 0. 

where /i^ is the first Dirichlet eigenvalue of U. We claim A < To check 
this extend w to If^, by setting w = in U^. The extended function will still 
be denoted by w and we may normalize it so that || it'll 2 = 1- Then, 

A< / \S/w\'^ + a = |Vw|^ = 

Jn Jd Jn 

If A = nu, by Lemma 12. H u = w. Since w = on D, and since u is 
superharmonic, so is w, so w = u = 0, a. contradiction. So, A < fiu- Let 
V = dx u, for some fixed j. 
In U, 

-Au = Au, (2.4) 
so that on differentiating (12.41) . v satisfies. 
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-Av = Av in U , , 

2.5 

We claim v = 0. This will imply u = cinU, which will contradict Remark 
Since A < fiu, we may solve using the Fredholm alternative, 

- A/ - A/ = -A in [/, / G H'oiU) (2.6) 

Let h = f + = max(/, 0). Clearly h G H^iU). Multiplying by h and 
integrating by parts, 



V/ip-A h'^ = - Ah<0. 
u Ju Ju 



Thus, 



V/ip <A h\ (2.7) 
u Ju 

If j h?' ^ 0, then from (12.71) . < A. This is a contradiction. Hence 
Ju 

I h"^ = and h = in U. Thus / < 0. Set if) = 1 — f . Thus ^/^ > 1, and from 
if/ 

(ED, 

-AV^ - Aip = Q. 

By elliptic regularity, G C°°(f/). Now find (s with dist{dUj, dU) 0, 
and smooth. So if a; G ?7, then x G Uj for large enough j. Let (j) = v/ip, 
where v is defined in (12. 5p . Note, because ifj >1, and by (12. 5p again, 

sup 101 < sup \v\ — as j ^ CX3 (2.8) 

dUj dUj 

Now, 
and 

Viij ■Vv + ipAv -Vv-Vip- vAip 2 
-0^ 



A0 = — — - — {i)Vv - vVip) ■ Vi) 



iIjAv - vAi) 2 2 
1p 1p 



Thus satisfies 

2 

A0 + - W ■ V0 = in Uj 

ip 

Thus by the maximum principle, and (12.81) . 

sup 101 < sup 101 ^ as j oo 

Thus = in t/ and hence f = in f/. Our proposition is proved. □ 
Combining Theorem 8 in |CGK00j and Lemma 12.31 , we have, 

Lemma 2.4. If {u,D) is a minimizing pair with a < A^, then there exists 
Xq E J-" = {u = c} and a ball B{xQ,r) = B centered at Xq, so that B d 
and 

J^r\B = {{x, 0(x)), a; G : f/ C M""^ ^ M}, 

with 0(a;o) = 0, V0(a;o) = and 0(a;) real-analytic. Furthermore, 

DnB = {{x,y) -.y < 0(x)} n B 

^DnB = {{x,y) -.y > 0(a;)} n B 

Lemma 2.5. Let ipi^') '■ U C M"~-^ — M be smooth; where U is open and 
U D S(0,r). Assume ^p{0) = 0, V7A(0) = 0, and let 

D = {{x', y):y < V^(x')} nB, B = B{0, r). 

Then there exists eo > 0, and a smooth function, x = {x',y) 

$(t,x)=$t(x):{|t|<eo}xS^5 

such that, 

(a) for all fixed t, 

^t-.B^B 

is a diffeomorphism, with $(0,x) = ^o{x) = x. 

(b) for all t, \t\ < eo, and some 6 > 0, 6 < r/50 
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(c) Let X(Dt){x) = Xd (*-<(i)) ■ Then 

|(IAI)U = 1. 

Proof. Let f{x) be a smooth cut-off function, / G {B{0, 5/100)) , / > 0. 
Let ulx') denote the unit outward normal to y = tp{x'). We extend i/(a;') 
smoothly as a vector field X to all points in -8(0, 5/10). Now define 

d^t , N X(x)f(x) TT/ X :^ / X ^\ 

liT*^' = J /(.) = ^ <^'- *°<^) = ^ <^-«' 

dDnB{0,S/W) 

(a), (b) follows from (12. 9p . Note that a simple degree argument is needed 
to show that $t is a diffeomorphism. (c) follows from the Appendix 1, by 
noting that 

iy{x')f{x) 



V 
Hence 



dD 



an 



{V, v) = 1. 

dD 

D 

Lemma 2.6. Construct $t(x) as in Lemma [2.51 xq = as in Lemma 12.41 
Define 

4>t{x) : Q ^ Q, by 



^t{x) xEB{0,35) 

X X eQ\B{0,3S). 



(a) Then (j)t{x) is a diffeomorphism of fl. 

(b) If Dt = {0t(x), X e D}, then 

(c) If (m, D) is a solution to the composite problem and 

-Aut + axDtUt = K^)ut 
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where D = {x E Q, u < c} = Dq, uq = u, A(0) = A. Then 



A'(0) 



ac 



Proof. Using (b) in (Al.lO) and Lemma [2.5( c) we get (c). (b) follows from 
Lemma [2.51 (a) follows from the definition of (pti^) and Lemma [2.5( a). □ 

Lemma 2.7. Assume that An(a, A) is different iable aX A = Aq. Let {u, D) 
be a minimizer. Construct domains Dt as in Lemma [2l6l where B = B{xo, r) 
is supplied by Lemma [2. 4[ Then 



^A(a,A)U=Ao 



ac 



Proof. Let \Dt\ = m{t)] Dt as in Lemma [231 Let f{t) = A{a,m(t)) . Then, 

dA 



f is differentiable at t = 

dA 



dA 



a, A) 



m'(0) 



A=A 







dA 



[a, A) 



(2.10) 



A=A, 







Next for t > 0, by the definition of A, 



fit) - /(O) < m - /(O) ^ A(t)-A(0) 



Letting t | 0, we get /'(O) < A'(0). Arguing similarly for t < 0, letting t ^ 0, 
using the differentiability at t = of / and A we get /'(O) = A'(0) = ac^ by 
Lemma [2.61 Thus from (12.101) . 



ac 



A=Ao 



□ 



Proof of Theorem M.^ A(a, A) is strictly increasing in A and Lipschitz in A, 
Prop. 10, [CGI+OOj . Thus A' {a, A) exists, a.e. A., and A'(a,A) = ac^ by 
Lemma [2n Hence if Di), (m2, -D2) are two configurations \Di 



Di 



{x : Ui < Ci], then ac\ = ac^. Hence ci = C2. 



A, with 
□ 



We shall now show that under some conditions, the weak uniqueness 
conclusion of Theorem 11.21 can be turned into a uniqueness result. We will 
restrict our attention to domains C M^. 
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Lemma 2.8. Let f2 C M^, and let 



-Au + ax{u<c}{x)u = \u 
u\dn = 0, ||m||2 = 1. 



(2.11) 



Then for any xq G 



1)2 



2 7an ' \di^J jd 

where D = {x : u < c}. 

Proof. We use the Relhch-Pohozhaev identity. Now, 

-{x- xo, Vu) Au = -V ■ ((x - xo, Vm) Vu) + | Vwp + 1 (x - xq) ■ V (| Vwp) 

Thus, integrating the identity above over 



1 /■ fdu\'^ 



From fl2ni|l . 

— An = Au — (2-13) 
Substituting fl213D into the left side of (KT2^ we get, 

2 



q;Xdw(x — Xo, Vm) — / (x — Xo, Vm)A'U = / {x — Xq,i')[ — 



Thus, 



If, , ( du^ ^ 



- / (x-xo,.) ^ 



- f (x-xo,V(«2)) + | / (x-Xo,V(«2)). (2.14) 
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The first integral on the right by integration by parts is 

\ I = \. (2.15) 



For the second integral, since D = {x : u{x) < c}, there exists Cj | c, such 
that by Sard's Theorem cj is a regular value. Let Dj = {x : u < Cj}. Now 
by integration by parts, 



/ (x-xo,V(u2)) 
Jn 



— 2 / u"^ + {x — xo,iy)u'^ 

JdDjnn 

.2,1 2/ 



u 



Cj{x — Xo.f) 



-2 / u^ + c]\'D,\. 



Letting j ^ oo. 



< X - Xq,W {u^) >= -2 / u^ + c^\''D\ (2.16) 

D J D 



Inserting (l^TTB]) . (l^?T5i) into (1TTI|) we get our result. □ 

To obtain a true uniqueness assertion we first need a preliminary lemma 
which is valid in all dimensions. We shall assume in the sequel that our 
solutions are normalized by the condition ||m||2 = 1- 

Lemma 2.9. Let (««, Dj), i = 1, 2 be two solutions of our composite prob- 
lem. Assume that Di is connected. Assume furthermore we have weak 
uniqueness that is = {x & VL : Ui < c\ and Ui — U2 vanishes at a single 
point Xo G Di to infinite order. Then Ui = U2 in f2. 

Proof. First we note ui{xq) = U2{xo) < c. Thus there is a ball B centered at 
xo where Ui{x) < c, i = 1,2. Thus in this ball we have, 

— Aui + aui = Aui, i = 1,2 (2-17) 

Thus, w = ui — U2 also satisfies the equation (12.171) and w vanishes at xq to 
infinite order. Thus, w vanishes identically in B. Now consider the set, 

W = mt{x G Di, ui = U2}. 
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We have established that W is non-empty. We shall now show that W is 
both open and closed in the relative topology of Di. Since Di is connected 

o 

we then get W = Di. Since Ui = U2 < c on Di we obtain that, Di C D2. 
Since \Di \ = \D2\ we see right away that Di = D2. 

Now by definition W is open. So let zo E W = F n Di where F is closed. 
Thus ui{zq) = U2{zq) < c and thus there is a ball B centered at zo where 
fl2.17p is satisfied. Again w satisfies (12.171) with w vanishing on some open 
set in B. This is because Zq is a boundary point to W. Again by unique 
continuation w vanishes in B. Thus zq E W . We have checked W is also 
closed. Since now Di = D2, applying Lemma [2.11 we obtain the conclusion 
of our lemma. □ 

Remark 2.10. The same result holds if Xq G dQ. The proof is similar, but 
slightly more complicated. 

Theorem 2.1. Assume C with smooth boundary. Assume that Q is 
strictly convex. Let {ui, Di) be two solutions to the composite problem with 
eigenvalue A. Assume that. 



(a) 



(b) Weak uniqueness holds, Di = {x E Q\ui{x) < c}. 

(c) The sets {x\ui{x) < U2{x)} and {x\ui{x) > U2{x)} are both connected. 
Then ui = U2- 

Proof. Since VL is convex, it is simply connected and since a < A, by The- 
orem 2 [CGI^OO] the sets Di are connected. Writing Lemma [2.81 for Ui and 
subtracting the expression for U2 from that of Mi, we get after using the 
hypothesis (a), (6) above that. 



{X - Xq,p) 

an 



r\ \ 2 / o \ 2 

OUi \ I OU2 



dv I \ dv 



0. 



We re- write this expression to get. 



d d 

{x - xo, y)T:-{ui + ^2)7^(^1 - ^2) = 0. (2.18) 
an ou 
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Now in a tubular neighborhood of d^l both Ui,U2 satisfy fl2.17l) . Thus 
Ml + U2 also satisfies fl2.17p with ui + U2 > in Q and vanishing on dQ. Thus 
by Hopf 's boundary point lemma, 



d_ 
du 



{ui + M2) < 



(2.19) 



Now set %Ij 
£^1 



Ui 



U2. Let, 



> 



X edn 



dv 



< 



We show both sets are empty. If we establish this result we have the con- 
clusion of the lemma. The reason is that if U = on dVt, since = Q on 
dfl we conclude by the Cauchy-Kovalevskaya Theorem that ip vanishes in a 
neighborhood of a boundary point and thus applying Lemma [2^ we conclude 
Ml = U2 in Q. 



Case 1: Assume w.l.o.g. that E2 is empty and Ei is non-empty. Pick any 
Xq E Q. Then by the strict convexity of dQ, {x — Xq,u) > 0. Thus by (12.191) 
and the choice of xq we conclude that the integral in (I2.18P is negative. This 
contradicts the identity (I2.18p . 



Case 2: We may now assume that both Ei and E2 are non-empty. Consider 
the components of Ei and E2 on dVL. These are intervals. We claim that the 
hypothesis (c) rules out interlacing of intervals. That is the intervals that 
make up the components of Ei must share at least one boundary point and 
likewise for the intervals that make up the components of E2. For assume 
there exist two intervals Ji, I2 which are components of Ei and two intervals 
Ji, J2 which are components of E2. Now we shall obtain a contradiction if 
we assume that Ji, I2 lie in different components of dVL \ (Ji U 32)- Taking 
interior points in Ji, I2 we can connect the points by a curve that lies entirely 
in f2 and in the set {ui < U2}- Now it is easily seen that {ui > U2} is 
disconnected. This contradicts (c). Thus we have shown that dfl consists of 
two arcs 71, 72 such that, 71 and 72 have common endpoints P, Q and such 
that, on 7i, |^ > 0, with |^ > on some sub-interval of 71. Likewise, on 72, 
< 0, with < on some sub-interval of 72. Now consider tangent lines 
to dn at P, Q. 
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If the tangent lines intersect at Xq, apply fl2.18p with this choice xq. Notice 
then by the strict convexity of dQ, {x — Xq, u) > (except possibly at P, Q) 
on 7i and {x — Xo,^) < on 72. Thus using fl2.19p and the behavior of 
ip on ji, 72 we easily see that the integral in fl2.18p is negative. This is a 
contradiction. 

Assume thus that the tangent lines at P, Q are parallel and with no loss 
of generality assume they are parallel to the Xi axis, x = {xi,X2)- Set 
v{x) = (ni(x), n2(x)). Now fl2.18p holds for every xq- Set xq = (x^jX^). We 
may now differentiate fl2.18p with respect to x^ and we obtain, 

f / \ "9 / ^dip 
/ ni{x) — {ui+U2)^ = 0. 
Jdn ou dv 

Now we may assume that ni{x) > on 71 and ni{x) < on 72 except at P, Q 
by the strict convexity of dQ. Thus the integrand in the integral in fl2.18p is 
non-positive by the use of (12. 190 . Furthermore, from (I2.19P and the behavior 
of ip on the arcs 7^ there are arcs on dQ where the integrand in (12.180 is 
negative. This again is a contradiction to (12.180 . Thus both sets Ei and E2 
are empty. Our Theorem is established. □ 



3 Partial Regularity 

Our goal is to prove Theorems II. 41 and II. 51 of the introduction in this section. 
We follow the works of Blank |Bla04] , Shahgolian |Shaj , Weiss |Wei98] and 
Monneau- Weiss |MW05] . with some necessary variants and extensions. 



The set-up: Let Q C M", be a bounded domain with dQ smooth. For 
a > 0, A G (0, we let {u, D) be a solution of the composite problem, so 
that 

-Am + ax{u<c}U = AuonQ. 
u\an = 0, }^u' = l 

where D = {u < c\. Recall that m > in f2 and that we are assum- 
ing throughout that a < A. Note that u e W'^'P{Q)W1 < p < 00, u e 
C^''^ (fi) , < 7 < 1, with norm depending only on A, n, fi, p, 7, a and A. 
Note also that c > since if u{xq) = 0, by superharmonicity of u, Xq G dfl, 
and |{m < c}| = A > 0. Note also that \{u = c}\ = 0, by Remark [221 We 
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next let f = c — M and write the equation for v, namely 



= fX{v>o} - gX{v<o} (3.2) 

where / = (A — a)u, g = —Au. Fix a neighborhood U of J-' = {u = c}, 
the free boundary, so that f > 0, g < and f + g < in U. We thus 
have a solution v of (13. 2p . in U open, and functions f,gE C^''^ (U) , with 
norm bounded by Bi = Bi{'y,u,a,A,A,Q) in U, with f,ge W'^'P{U), with 
norm bounded by B2 = B2{p,n,a,A,A,Q) and with |A/|, \ Ag\ bounded by 
B3 = i?3(a,A), and such that, for some ?7o > 0, ?7o = riQ{a,A,A,n,Q), we 
have / > r/o > 0, 5f < -r^o, {f + g) < Vo in f/. We also have ||f ||ci,7(i7) + 
Il'^lli^2,p(f7) < N, N = N{'j, p, n, X, A, A, Q). Finally, we fix tq so small that 
for all xo G we have that B{xo,ro) C U. We still study the behavior 
of Su = {x E J-' : Vu{x) = 0} = Sy = {x E J-" : Vv{x)} = 0, where 
= {v = 0}. Note that, by [CGKOOj (see Lemma 8 and Theorem (0.3) here) 
for each Xq E J-'\Sy, there exists a neighborhood around Xq so that is 
real analytic in it and v (and u) are real analytic in V^g fl D, Vx^ fl ^D. One 
of our main tools in this section is an energy functional introduced by Weiss: 



W{r) 



W + ^if- + 9v-))-^J (3.3) 

J B{xo,r) ' JaB{xo,r) 



In the next Lemma we compute W'{r). (See [Wei98j . where the compu- 
tation is also carried out). 

Lemma 3.1. Let xq G Sy, < r < tq. Then, for < r < tq, 

2 



W'{r) 





dv 


1 

IdBr 


dv r 



d(T + e{r), (3.4) 



where for < 7 < 1 we have, for < r < ro, 

|e(r)| <F{n, 7, ||V/|U, IIV^^IU, N)r^-\ (3.5) 

with F{—, — , 0, 0, — ) = 0. (Here u is the outward unit normal to dBr and 
Br stands for B{xo, r)). 

Proof. We can assume, without loss of generality, that Xq = 0. We have: 
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Moreover, the Rellich-Pohozaev identity gives: 

div {x\Vv\^) = 2div {x ■ VvVv) + {n - 2)\Vv\^ - 2x ■ VvAv, 
we also have the identity 

(/X{^>o} - 9X{v<o}) Vv = V {fv'^ + gv') - V/v+ - Vgv', 

1 x-V {fv'^ + gv~) = r / + gv~) -n {fv'^ + gv~) , 



so that 



dv\'^ n — 2 



i^"!'"'/ i +V/ i^"!'-'/ 

dBr JdBr V^*^/ ' JdBr J Br 

2n f 2 f 

+ — {M + 9v-)+- [{x-Vf)v+ + {x-Vg)v-] 

f J Br ^ J Br 



and hence 



+ 



d_ /j_ f 2\ ^ r dv 

+ [{x-Vf)v+ + {x-Vg)v-], (3.6) 

^ JBr 

where we have also used the identity 

t/ Br J Bf 

i [ 3v if,,, 



Since 
d 



^^'^ V ^ TT' ~|~ 2 



JBr / 

' JBr ' JdBr 
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d f 2 f ^\ 8 f o A f dv 
V = / V H n7 / v- 



and 

dr Vr"+3 Jqb/ J r""^^ Jqb/ ' r"+3 Jg^ ^ du 
(I33D follows, with 

2 



e(r) 



/ [(x ■ V/) 17+ + (x ■ V^) 



(13.51) is an immediate consequence of this formula and the fact that xq G 
S^, V e C^'^ □ 

Corollary 3.2. If f = fo, g = go, both constants, and H^'(r) = for < 
r < vq, v{xo + x) is homogeneous of degree 2 in x. 

Proof. From the formula for W and the fact that e = in this case. □ 

Corollary 3.3. Wi{r) = W{r)+Dr^ (where D = D{n, 7, ||V/||oo, ||V^||oo, N) > 
0, D{—, — , 0, 0, — ) = 0) is increasing for < r < tq. 

For further use we will recall Kato's inequality: 

Lemma 3.4 (Kato |Kat73j ). Assume that w G (f/). Then, A|m;| > 
(sign w)Aw in the Hl^^{U) sense, i.e. for all 6 G C^(U), > 0, we have 

- j V\w\ • V6' > y (sign w)Awe. 

Lemma 3.5. For < r < tq, xq G 5*^,, we have 

Proof. Recall from the proof of Lemma 13.11 that 

But, 

dv If 9 / nx 1 



V- 



dBr dv 2 Jqb, dr ^ ^ 2 j^, 



/ vAv+\Vv\^= / \Vv\^ + / [fv^ + gv~] 



and the Lemma follows. □ 
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We now let, for < r < tq, Vr{x) — '^(^^ ^ ^o) ^ f^(^x) = f{rx + 

Xq), gr{x) = g{rx + Xo), whereto G S,,. Note that Avr = frX{vr>o}-9rX{vr<o} 
in Bi = B{0,r) {xq = 0). 

Lemma 3.6. Let Vr^^ = frV^{x) + {g^ + 7]o/2)v~{x) — ai\x\'^, vf' — v~ -\- 
a2|xp, where = aj(n, Bi, B2, -B3, A?", a, A) > 0. Then: 

(i) v^"^ is superharmonic in B^. 

(ii) is subharmonic and non- negative in B^. 

(iii) is subharmonic in Bi. 

Proof. All functions are continuous, so we just need to check the sign of the 
distributional Laplacian. Note that 



2 

. (/r + 5r + Vo/2) / . W . N 

< ^ (sign V^) (/rXK>0} - 9rX{vr<0}) 



+ ^•^'^ % "^"^^^ (sign ^;,) (/.XK>o} - 9rX{vr<o}) + 2B2N + 2B2N - a^2n 



< B2^B2^ + 2B3N - ai2n 



and (i) follows. (Here we have used that (/^ + 5(^ + 770/2) < 0.) Also, 



so that 



_ (/rXK>0} - 9rX{vr<0}) - {frX{vr>0} " 5'r-X{i;^<0}) , _ 

— h ^71(12 

> fl'rXK<o} + 2na2 
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and (ii) follows. For (iii) note that = \v^\ + fj"f/2, so that 

. +, (sign t;^)At;^(x) + At;,.(x) 
/\v;[x) > h 2na2 

_ {frX{vr>0} + 9rX{vr<0}) + {frX{vr>0} - 5'rXK<0}) 

2 

= /rXK>0} > 0. 

□ 

Corollary 3.7. — /g^ \fr"^t + (fi'r + ^o/2)f^] > —as, where 03 > has the 
same dependance as in Lemma 13.61 

Proof, fr^"* is superharmonic in Bi, Vr^\o) = 0. Then 



r 



'\0) > / frv+ + {gr + r/o/2) v; - a,\x\ 

JBi 



and the Corollary follows. □ 

1/2 



We now define, for xq G S'„, < r < tq, S{r) = (^-f^ 

S(r) 

Lemma 3.8 (Non- degeneracy), liminf — — > 



dBr " 



Proof. Assume without loss of generality, that Xq = 0. If the conclusion 
fails, we can find — such that 0. Let Vi{x) = hIi^^ go that 

IdBi ~^ 0- ^o^^ ^1' = fnX{vi>o} - gnX{v,<Q} > Vo > 0- Also, 

|Afj| < 2Bi, fj(0) = 0. By subharmonicity of Vi, fi(0) = we see that 
f j~ < j^^vf. Since, by (iii) in Lemma [3^ vf is subharmonic, J^_^v^ < 

CnJgB^ Vf < C„ (/g^^ ^) ^ • ThuS, 

1 /2 

l^^.l < / ^+ + / < 2 / < 2c„ f / {vtY^ 

Bi JBi J Bi JBi \JdBi 

After passing to a subsequence Vi Vq, where the convergence is uniform 
on compact subsets of Bi and in W^^^{Bi). But then Avq > rjQ > 0, but 
Ibi 1^0 1 ~ ^' ^ contradiction. □ 
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Remark 3.9. Note that the above proof shows that, if 5*+ (r) = (^-fg^ 



1/2 



S+(r) 

then hminf — > 0. 



r-»0 

We now turn to the classification of blow-up points, following the ideas 
of Monneau- Weiss |MW05j . 

Lemma 3.10. Let —M = liml^i(r). Assume that Xq G Sy is such that M < 

rlO 

/ ~ ~ ~ \ Sir) 

oo. Then, there exists G = G in, Bi, B2, -B3, A^, M ) such that sup — -— < 

V / 0<r<ro 

G. 



Proof. Note that, in view of Lemma [3.51 if < r < tq is such that 

^ [ \fv+ + gv~] > M + Dr^, then ^ ( ^— f vA > 0. Note that 



proof is to show that there exists Gi = Gi (^n, Bi, B2, B3,N, such that, 
for < r < ro we have 

/ {v^Y<c^{i+[ {v;Y] (3.7) 

In order to establish (13.71) . we first prove an auxiliary Claim: 

Claim 3.11. For each R > 0, there exists eo = €o{R, n) such that if 
w(0) = 0, Aw+ > 0, < A^x; < cq, /g^ |Vu;p < R and Jg^^ (w")^ < 

eo, (/as, < 2, then /,^^ < 1/2. 

Proof of Claim l3Jl[ If not, we can find R> and functions Wj with Wj{0) = 

/ N 1/2 2 

0, < A^, < /^^ \\/w,\' < R, (/,^^ w]) < 2, Jg^^ (wj) < l/j but 

IdBi'^'j — V2- Since the w'j' are subharmonic, f^^^w^ < ^" /asi ""^Z — ^Cn- 
Since Wj are subharmonic, Wj{0) = 0, J^-^wJ < Jb-^^w^ < 2c„. Hence, by 
Poincare's inequality Jg^ w| < {R + Acn) o^n- Hence, we can find a subse- 
quence, (still called j) such that wj — > w, uniformly on compact sets and 
|Vwp < R. Moreover, by compactness in the trace theorem, we have 

/ \ 1/2 

/as^w^ > 1/2. We also have Aw = 0, w(0) = 0, ( /^^^ < 2 and 
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IdBi ^ =0. But then w > 0, w{0) = and Aw = imply w = 0, a. 
contradiction. □ 

Suppose now that (13. 7p fails for some fixed Ci > 1, to be determined. 
Then, there exists a sequence {r^}, < < tq so that Jg^^ (^r™) — 

Ci |l + fg^^ (^rv„)^| • Using Corollary 13. 3[ we see that 

/ \VvrS-2f < < W,{ro) + 2Drl-2 f {fv+^+gv;J 

JBi JdBi JBi 

< iyi(ro) + 2DrJ-2 [ gv;^. (3.8) 

Jbi 

Consider now w„ = Vr^j ( /^^^ (^^) ) • Note that w„(0) = 0, Aw„ > 

1 /2 

and by (iii) in Lemma 13.61 we have Ati)+ > 0. Also ^ /^^^ ('^n)^j < 

C = C(i?i), since /,^^ «)' > C^. Moreover, (/,^^ (t.„")')'^' < \IC'I\ 
But, (13.81) shows that 



,^ ,2 / 2 W^i(^o) 2M 



\JdB, J I JdB, 



^ 1/2 



in view of Lemma l3.6[ (ii). Finally, since jg^^ > C*! > 1, (/asi 

2 / 2\ / 2\ 

2 and jgj^^ {v;^) < i^fg^^ (t;- ) j < ^ (^/^^^ «) j , we see that 

Jb, |Vw„|2 < R, R = R{Bi, B2, B3, n, N, tq), for all Ci > 1. But if we 
now choose C/Ci < eo, < eo, where eo is as in Claim [3TTn we reach a 

contradiction to Claim \3AT\ establishing (13. 7p . 

We now proceed to the completion of the proof of Lemma 13.101 For 
< r < ro, f e (r/2, r), we have: Wi{r) - Wi{f) < Wi{ro) + M. But, by 
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Lemma I3.H 

Wi(r)-Wi(f) 



W[{s) ds 

2s {dsVsf ds+ e{s) ds + -fD / s^'^ ds 



> 2s {dsVsr ds, 

Jf JdBi 

by our choice of D and the fact that dgVs = 



X-Vv^SX + Xq) 2v{sX + Xq) 



The right hand side is bigger than r / {dsVg)'^ dads, which by Cauchy- 



Schwarz is bigger than / {vr — Vff da. Hence, for < r < ro, r G (r/2, r), 

JdBi 

we have 



{vr-Vrf <{W^{r^) + M) 



(3.9) 



9Bi 



We next show: 

Claim 3.12. There exists M = M{n, Bi, B2, B3, N, M, ro, r/o) such that if 
IdB, > ^' then f (^Jg^^ vfj > 0, for < r < ro. 

To estabhsh the Claim note that in light of the Remark at the beginning of 
the proof of Lemma [3.10[ we only need to show that fg^ vl > M implies that 

- [fr< + 9rv;] > M+Dr\ By Corollary[32l - /^^ + {9r + Vo/2) v;] > 

—a-s, so it is enough to show that 



r]o / v; > M + Dr^ + a3. 



(3.10) 



Bi 



From (ii) in Lemma [3. 6 [ we have (by interior estimates), 
J [v~ + a2\x\'^y 

\l/2<|x|<3/4 



<Cn {v^ + a2|x|^) 

Jbi 



so that 



Bi Cn 



\ 



1/2 



\l/2<|x|<3/4 / 



Cri. • 



(3.11) 
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But, / {vj.) > dn / {'Vrs) dads and 

i Jl/2 JdBi 



l/2<|x|<3/4 
-\2 



= / (Vrsf - > / (Vrsf - C, - C, (^-)^ , 

dBi JdBi JdBi JdBi 

from (13. 7p . Thus, /" > — [ (vrsf - , and so, from 

JdBi 1 + Ci Jqb^ Ci + 1 

(13. lip we obtain 

Vr ^ dn( [ [ vl. dads \ — C2 



Bi JdBi 



with C2 having the same dependence as Ci. If we now use (13.80 with r = rs, 
we see using (3.9), 



>dn( I vl ] - (1^1 (ro) + Mf'^ - C2 

-Bi \JdBi J 

and fl3.10p holds for M large enough. 

We can now conclude the proof of Lemma 13.101 if S{r)/r'^ < M for 
< r < To, we are done. If for all < r < tq, S{r)/r'^ > M, then by Claim 
13.121 we have S{r)/r'^ = J^^^ v"^ < 5'(ro)/rQ for < r < tq and we are also 

done. Note that, if for some < ri < ro we have S{ri)/r\ > M, then for all 
ri < r < ro we have S{r)/r'^ > M, by virtue of Claim [3?T2l It is now easy 

to show that S{r)/r'^ < max ^M, 5'(ro)/roj , < r < tq. Thus, Lemma [3. 101 

follows. 

□ 

Corollary 3.13. Let M, G be as in Lemma [3. 101 Then there exists G, with 
the same dependance as G such that, for < r < ro/2, we have 

iS,UY> \Vr{x)\ + ( f \VVr\^\ <G. 
\x\<l \Jbi J 

Proof. By Corollary 13.31 for < r < ro we have 

/ \Vvr\' < 2/ v^.-2[ {fv+ + gv;)+2Dr^, + W,{ro) 

JBi JdBi JBi 

< 2/ v^.-2 [ gv; + 2Dr^o + Wi{ro). 

JdBi Jbi 
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Using now Lemma 13.61 (ii) and Lemma I3.im the gradient estimate follows. 
For the estimate, we use Lemma 13.61 (i) and (ii) and the fact that for 
non-negative subharmonic functions, the spherical averages are increasing. 
Thus, for instance 



1/2 

sup < sup < c„ I / j-u^'^ 

|a;|<l \x\=l \JdBi 



I \ 1/2 

i / /■ 2^ 



dB 



\l/2<|x|<3/2 j 

and correspondingly for v~ . □ 

We are now ready, in analogy with |MW05 ]. to state our classification of 
blow-up points. 

Theorem 3.1. Assume that Xq G and W\{r^ is defined in Corollary 13.31 

(i) If limiyi(r) = -M, M < +oo, then S{r)/P and ||fr||vF2>p{Bi), I <p < 

oo remain bounded for < r < ro/2. Moreover, if {rj} is a sequence 
tending to 0, after passing to a subsequence {rj/}, the functions f^^, 
converge in C^''^(i?i), < 7 < 1 and W'^''p{Bi), 1 < p < 00 to a 
function v. The function v solves the equation 

= foX{v>o} - 9oX{v<o} in M", 
with /o = /(xo), go = g{xo) and is homogeneous of degree 2. 

Sir) 

(ii) If limiyi(r) = —00, then lim — — = +00. Let r,- I and define 
Wj[x) = — — r , Tj = — Then, after passmg to a subsequence 



S{rj) 



r 
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{rj/}, Wj converge in C^'^(i?i) and W'^''p{Bi), 0<7<l,l<p<oo 
to a harmonic function with w(0) = Vw(0) = 0, which is non-zero 
and homogeneous of degree 2. 

Proof. From Corollary 13.131 in case (i) it only remains to show that v is ho- 
mogeneous of degree 2. But, for any < s < 1 we have W{s) = W{s; 0; v) = 
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lim Wi{srj', Xq, v) = —M. Then, from Corollary 13.21 v is homogeneous of 

degree 2. 

For case fii), we must have 



lim / \\/Vrr + 2 / /< + 2 / gv;-2 / < = -oo 
But then, since / > 0, (7 < 0, we must have that 

lim2 / vl-2 gv; = +oo. (3.12) 

By Lemma [3.61 (ii), 

[ V~ < C„a2 + Cn [ V~ < C„a2 + ( [ {^rY^ 
JBi JdBi \JaBi J 

But then, since i—g) > 770, and —g < Bi, we conclude from (13.121) that 
lim / v"^ + v~ = +00, which in turn implies lim / v"^ = +00, or 

Jqbi Jbi '■^0 Jg^^ 

lim — — = +00. By Corollary 13. 3[ dividing by Tf, we obtain 



I |V^.r<^ + |-/ [/.,< + ^.,^-]+2/ w]-^. (3.13) 

^Bi -'j -'j J Bi JdBi 

Also, for j large, |Awj| < 1 in j^^^ Wj = 1, Aw^ > 0, Awj > 0, Wj{0) = 
0. Then, j^^iwjY < C* and from the formulae above |Vwjp < 3, for j 
large. Thus, the Wj, after passing to a subsequence j', converge uniformly on 
compacts and in C^'"'{Bi), W'^'^{Bi) to a w which is harmonic in iZ;(0) = 
Vw(0) = 0. Also, by compactness of the trace operator, J^^^ w"^ = 1, so that 
w is not zero. But, from (13.131) . we conclude that J^^ |Vwp < 2 J^^^ Iwp. 
But then, by the Almgren monotonicity formula (see for example Lemma 4.2 
in |MW05j ) w is homogeneous of degree 2. □ 

Corollary 3.14 (No mixed asymptotics) . We cannot have for two sequences 

S(r-) S(f-) 
{r,}, {fj}, both tending to that lim — 7^ = +00, but sup — 3/- < +00. 

1^00 r 1 r • 
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Proof. If limVri(r) = — oo, then for all such sequences the limit is +00. On 
the other hand if limlVifr) > —00, we have boundedness near r = 0. In 
either case the mixed asymptotic assumption leads to a contradiction. □ 

We will next use these results to study partial regularity of the free bound- 
ary JF. We start with a 2-dimensional result, due to Shahgholian ( [Shaj ) 

Theorem 3.2 ( |Sha] ) . Let v be the solution of (13. 2p . when n = 2, under our 
assumptions. Assume that xq G S'„ is such that |{f < 0} fl B{xo,r)\ > Cor^, 
for < r < r(xo), with cq > 0. Then xq is an isolated point of 5"^. 

We will provide a proof of this Theorem, (following [Sha] ) . for the reader's 
convenience. The key point is the following 

Lemma 3.15 ([ShaJ). Assume that v is a homogeneous of degree 2 solution 
to (13. 2p in M?, with f = fo, g = go, both constants. (As before, /o > 0, go < 
0, fo + go< 0). Then, Sjj = {0}, or, after rotation, = {{xi,X2) = (0,0:2) : 
X2 G M}. In this case v = y^i- 

Proof. Recall that Av > rjo > (rjo = min(/o, go))- Assume that 7^ {0}. 
After rotation we can assume that, by the homogeneity of v, (0, 1) G Sy, 
so that A(0, 1) G S'ci, A > 0. Assume first that > in a neighborhood 
of (0, 1). Then, in an angle, Av = /q. Consider w = v — Then, in 

this angle, by uniqueness in the Cauchy problem, w = 0. But this argument 
can be continued all around, so that v = yxf. Thus, if not, there exists a 
neighborhood of (0, 1) in which -y < is non-empty. Assume, for instance 
that the negative point is in the top right quadrant. By homogeneity, the 
point can be taken on the unit circle. But then, all the points in the unit 
circle between this point and the vertical axis are points where v is negative, 
otherwise we would have a local maximum, contradicting the subharmonicity 
of V. But then, if we consider a small half-ball in the top right quadrant, 
centered at (0, 1), the Hopf maximum principle yields a contradiction to 
w(0, 1) = 0, Vt;(0, 1) = 0. □ 

Proof of Theorem \3.S[ We can assume, without loss of generality, that Xq = 
0. Suppose we have Xj G Sy, Xj — » 0. Let rj = \xj\. Assume first that 
limH^i(r) = —00. Then, by Theorem 13.11 (ii), -^^f^, after passing to a 

rlO ^Vj) 

subsequence, converges in C^'^{Bi), L'^{dBi) to a harmonic polynomial w 
homogeneous of degree 2 and non-zero. Moreover, — > a; G dBi, and 
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w{x) = 0, Vw(x) = 0. But, when n = 2, w must be a rotate of a {xl — xl) 
and hence S^, = {0}, a contradiction. If hmiyi(r) > — oo, by Theorem 

i), '"^^^f^ converges, after passing to a subsequence to homoge- 



neous of degree 2 solution, f = fo, 9 = 9o- Clearly \{v < 0} fl > Cq. 
Also, X E Sy, so that by Lemma 13.151 v = yo;^, after a rotation, which is a 
contradiction. □ 

We will extend next Theorem 13.21 to n > 2. The argument is a standard 
one from the theory of minimal surfaces (see Chapter 11 of |Giu84j . whose 
notation for Hausdorff measures and Hausdorff dimension we adopt). Similar 
arguments have been used by Weiss [Wei98j and Monneau- Weiss |MW05j in 
the context of free boundary problems. Our result here is: 

Theorem 3.3. Let f be a solution of fl3.2p . n > 2, under our assumptions. 
Let Sy = {xo G Sy : \{v < 0} H B{xo,r)\ > Cor", for < r < ro(xo)} . Then, 
for each fixed cq > 0, the Hausdorff dimension of is at most n — 2. 

Proof. Fix k > n — 2, we need to show that H^. (^sj^ = 0. Assume not, so 
that Hk [ Sy] > 0. Consider the sets 



Si = {xo e Sy : \{v < 0} n B{xo, r)\ > Cor", for < r < 1/j} . 

oo 

Then, Sy = [_J §1, where 1/jo < ''"o- Then, for some j > jo we have 

j=jo 

Hk (^^l^ > 0. Hence by Proposition 11.3 in |Giu84j . for if^-almost all 

xq E Si, we have 



H^iSinBixo,r) 
limsup ^ ^ > 2"^ (3.14) 



Fix such an xq, which we assume, without loss of generality, to be 0. Choose 
a sequence r„ — such that 



HT [Si n 5., 
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Consider = ^^^^ and let v{x) be a blow-up limit of a subsequence of 

Vn, in the sense of Theorem 13.11 Fix a compact set K in Bi, U open C Bi, 
with U D K n S^. Assume that Xn G S^^, Xn & K \ U and after passing to a 
subsequence, assume that x„ — > a; G K\U. Then, — >• Vfn(a;n) — 
Vv(x), so that X G 5*^}. Also, fix < r < Then 

< 0}r\B{x, r)\ = \{v < 0}nB{x, r)\ = lim \{vr < 0}n5(x„, r)| > Cor'", 

n— >oo 

and so X G 5*^, but x E K \ U, and fl 5*^ C t/, which is a contradiction. 
Thus, we have shown that there exists no so that, for n > no, we have 

UDKnSl (3.15) 

Then, the proof of Lemma 11.5 in |Giu84j shows that for all K Bi, we 
have 

(k n Si) > lim sup (k D §1) . (3.16) 

We next claim that 

{x/rr^-.xeSi] cSl^. (3.17) 

In fact, clearly Vn{x/rn) = 0, Vf„(x/r„) = 0. Consider now {y : f„(?/) < Ojfl 
B{x/rn, r), < r < 1/j. This equals {y : f„(?/) < 0} fl {?/ : \y — x/r„| < r}. 
By the transformation y = z/vn, this set equals 



{z : v{z) < 0} n <^ 2 : 













< r j 









< r > = {2; : v{z) < n {z : \z — x\ < rVn} ■ 



Also, if < r < rvn < 1/j, n large. The Lebesgue measure of the set 
of y's equals (r„)~" times that Lebesgue measure of the set of z^s, which is 

then bigger than - — — ■ Co(rr„)" = Cor", so that x/r„ G §1^. But then, 

[fnj 



H^iBr^nSi 
[B^nsi ) > ^ r > 2 



by our choice of r^. Hence, using (I3.16p . we see that 

(^BinS^) >0 (3.18) 
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We now consider our classification of blow-ups. If lim Wi{r) = — oo, then, 

by (ii) w is a non-zero, homogeneous of degree 2 harmonic polynomial. But 
then, as is well-know Hn-2{.S^) < oo, 5*^; D S'^, which contradicts fl3.18p since 
k > n — 2. If limiyi(r) > — oo, in view of Theorem 13. II (i) and Lemma [3^ af- 

rlO 

2 

ter passing to a further sequence, we can assume that -^rH — > a, « € (0, oo). 
Hence, av = vi, where vi is a homogeneous of degree 2 solution to (13.21) with 
/ = fo: 9 = 9o, both constants. We can now do the dimension reduction. 
From (13381) . we know that {Bi n sf^ > 0. Using Lemmas 11.2 and 11.3 



in |Giu84| . we can find x E Sr, \ |0| such that lim : > 2" 

By homogeneity of Vi, we can assume that x e dBi. We can pick a sequence 
Tn — >■ 0, and consider a blow-up limit vi^, at x, with respect to r„. By the ho- 
mogeneity of vi, it is easy to see that vi^o is constant in the x direction. After 
rotation, we can assume this direction to be the Xn direction. But, it is easy 
to see that (xi, Xo, ■ ■ ■x„„i, x„) G Si , and that Hi,_i i Si , ) > 0. 
Proceeding in this way n — 2 times, we find a contradiction to Theorem 13. 2[ 
which concludes the proof. □ 

We are now ready to establish partial C^'^ bounds. 

Definition 3.16. Let / be a C^''^, < 7 < 1 function defined in a neighbor- 
hood of a point Xq. We say that / satisfies C^'^ bounds at Xq if 

1. |/(a;) - (a;-xo)V/(xo) -/(xo)| 

lim sup 5 < +00. 

'■^0|x-xo|<r 

We call the above limit "the C^'^ norm of / at xq" . 

Our next task is to show that our solutions v verify C^'^ bounds at all 
xo G JF, except for a set of Hausdorff dimension at most n — 2. We start out 
with some preliminary results. 

Lemma 3.17. There exists a constant Cn such that for all homogeneous of 
degree 2 harmonic polynomials p, p ^ 0, we have 

|{p<o}nfii| >c,. 
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Proof. We can assume j^^p^ = 1- If the conclusion fails, we can find a 
sequence pj, f^^P^ = ^, Pj a harmonic polynomial, homogeneous of degree 
2, with \{pj < 0} n > 0. After passing to a subsequence, pj — > po, po 

a harmonic polynomial, homogeneous of degree 2, J^^ po = 1 and such that 
|{po < 0} n =0. By homogeneity, po > 0, but po(0) = 0, so that po = 0, 
a contradiction. □ 

Lemma 3.18. Let c„ be as in Lemma 13.171 Assume that w is a solution, 
Xq & Sy. Assume that for some sequence ^ 0, sup — ^ > oo. Then, 

\x-xo\<rj 

\{v < 0} n B{xQ,r)\ > yr", for < r < tq^xq). 



Proof. If not, there exists — > 0, such that 



|{t;<0}n5(xo,f,)|<|(r~,r. 



But, by the proof in Corollary 13.131 we see that ^^-^ ^ +oo. By Corollary 
13.141 we have +oo. But then, by Theorem 13.11 (ii), g^-"'^^^"'' con- 

verges, after passing to a subsequence, to a w which is a non-zero harmonic 
polynomial homogeneous of degree 2. But then, \{w < \^ Bi\ < ^ , which 
contradicts Lemma [3.171 □ 

Theorem 3.4 (Pointwise C^'^ bounds on 5*^,). Let f be a solution. Con- 
sider the set By = {xq E : v does not have pointwise C^'^ bounds at a;o}. 
Then, the Hausdorff dimension of B^ is at most n — 2. 

Proof. Combine Lemma [3.181 with Theorem 13.31 □ 

Remark 3.19. If xq G J^, Vv{xo) ^ 0, then by [CGKOO] J" is real analytic 
in a neighborhood of Xq and by boundary elliptic regularity we obtain C^'^ 
bounds at Xq, Thus, the set of points in JF for which v does have pointwise 
C^'^ bounds has Hausdorff dimension at most {n — 2). 

Remark 3.20. The results in Theorems 13. 2[ 13. 3[ 13.41 and in Remark 13.191 
are sharp. We show this for the case f = fo, 9 = do constants. In order 
to show this, we make some preliminary comments, in the case = 2. In 
this case. Blank ( |Bla04] ) found all homogeneous of degree 2 solutions, for 



31 



for V we have limVri(r) < —A, then hml4^i(r) = — oo and hm — — = +00. 



which {f < 0} 7^ 0. The calculation in Appendix 2 shows that, for these 
solutions, W{1) > —A, where A depends only on /q, go- Shahgholian ( [Sha] ) 
observed that there are other homogeneous of degree 2 solutions, which are 
non- negative. In fact, any such solution v verifies Av = fo, v > in R^. Let 
w = V — ^{xl + xl). This is a harmonic polynomial, homogeneous of degree 
2, so that, after rotation w = a{xl — x^) or v = {a+ ^) xf + — a) x^. 
Since w > 0, we must have — y < a < For those solutions we also find 
W{1) > —A, A depending only on /q, Qq. Combining these comments with 
Theorem 13.11 we se that, for n = 2 there exists A = A(/o, go) such that, if 

5(r) 

One can then use the argument in |AW05] to see that, by the Andersson- 
Weiss construction we can find solutions (taking M large in |AW05j ) so that 
1^1(1) < —A, and hence, solutions which don't have C^'^ bounds towards 
0. In light of Lemma [3.17[ this shows the sharpness of Theorem 13.21 and of 
Theorem 13.41 when = 2. To create higher dimensional examples, one just 
adds n — 2 dummy variables. It remains a challenging problem to see if such 
pathology can hold for solutions of 03.21] . 

We now turn to the issue of uniform pointwise C^'^ bounds. 

Theorem 3.5. Let Si^^ = SJSP, where 

^ 00 
Si'^'^ = {xo G : \{v < 0}n5(x),r)| > -r", < r < ro,{xo)}, = |J S^'^'^ 

i=i 

Note that Theorem 13.31 shows that the Hausdorff dimension of Sv is 
at most n — 2. Then, for Xq € Si^^ we have uniform C^'^ estimates, i.e. 
there exists C = C{Bi, B2, -B3, n, rjo, tq, A^) > such that for all xo G 

\x—XQ\<r ^ 
0<r<ro/2 

Proof. In light of Theorem 13. Lemma 13.171 and Corollary 13.131 it suffices to 
show that for such xo limWi{r) > —A, where A has the right dependence. 

Let w be a blow-up limit at such an xq. Clearly, v > 0. Thus, it suffices 
to show that, for such v, W{1, v) > —A. But, Av = /o, f^^ Av = Wnfo = 
IdBi 1^ ~ ^ IdBi ^' since v is homogeneous of degree 2. Thus, Jg^^ v = 
Since v is non-negative and subharmonic, J^^ v < c„/om„/2. The rest of the 
proof follows easily from interior estimates and homogeneity. □ 
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Remark 3.21. Similarly, ii K (£ {xq G J-" : Vv{xq) 7^ 0} we also have 
uniform pointwise C^'^ bounds on K. (See Remark 13. 191) . 

Our final result is a partial regularity result for JF. 

Theorem 3.6. Let f be a solution of (13. 2p satisfying our assumptions. Then 
JF = To{JSv^^USi^\ where Si^^ has Hausdorff dimension at most (n— 2), 5*^"^^ is 
(n- 1) regular i.e. H(^n-i) (s^^^) < C, with C = C{Bi, B2, B3, N, r]o, tq, n) 
and JFq is relatively open and for each xq G there exists a neighborhood 
such that fi is a real-analytic hypersurface. 

Proof. = {a;o e Vw(xo) ^ 0} and Si^\ Sii^^ are defined in Theorem 13.51 
From Theorem 13.51 we know that the Hausdorff dimension of Si^"^ is at most 
n — 2, so it remains to show that Si^^ is (n — 1) regular, (in light of Theorem 
8 in [CGKOOj . which shows the desired property of JFq). In order to show 
this, we make some preliminary claims. 

Claim 3.22. If xq G Si^^ (without loss of generality, we take xq = 0) we 
have, for < r < ro/4, x G Br, \'Vv{x)\ < Cr, with C as in the statement of 
Theorem 13. 6[ 

In order to establish the Claim, note that for x G B2r, we have \v{x)\ < 
by Theorem 13.51 Next, we use Lemma [3.61 (ii) and (iii) to obtain: 

f |Vt;+|' < c„Cr"+2 and f |Vt;-|' < Cn{C + a2}r"+2 

so that |Vf p < Cn{C + a2)r"+^. Next, consider Vr{x) on Bi. We have 
/b^ I'i^rP < C, |VfrP < C, and \Avr\ < C. From this it is easy to see 
that, for |x| < 1/2 we have |Vfr| < C, which is our claim. □ 

The next step is: 

Claim 3.23. Let xq G S*^, Cj be a fixed coordinate direction, v^^ = Cj ■ Vf. 
Then, for < h, small, we have 

VVef < Ch. 

B{xo,ro/2)n{x:\Vv\<h} 
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To establish Claim we first introduce a truncation of fg. G W^''^{U)n 
(f/), to obtain v^^, where 

if —h < t>e- < — (5 or (5 < fe^ < /i, 
if|wej<5, 

^ if I'^^eJ > Z''- 

Let be a standard mollifier and for < e <^ 5, consider the moUifier 
Ve^ * ipe- We will apply Green's Theorem to 

j VVe, ■ V (f e, *1pe) , for y < T < Tq, 

where we have assumed, without loss of generality that Xq = 0. Since |JF| = 
(see Theorem 11.11 (c)), this integral equals 

Brn{i>>0} Brn{v<o} 

On 5*^,, = 0, so that will vanish on a neighborhood of S^. In fact, if 
\ve,{x)\ >S,zoe Sy, then 6 < \veXx) -VeX^o)] < C\x-zo\'^. In J^\nbd{S^), 
we have analyticity of and a well-defined normal, so that we can integrate 
by parts in the above integrals, using Green's Theorem. We obtain for the 
above sum, 

Brn{v>0} Brn{v<0} dBr 

d , _ f d 



Brnd{v>0} Brnd{v<0} 

The last two integrals cancel each other since the normals point in opposite 
directions, in pieces of a real analytic surface. Thus, we have obtained: 



Brn{t)>0} 

^ d 

VeAi^e^-^i^e)^ / V e^^{Ve, ^ e) ■ 
Brn{?)<0} dBr 
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We next average this identity in r, for r G (y, We estimate first the 

averaged last term. Its absolute value is bounded by 



Cnh 



We next consider the absolute value of the averaged term of the left-hand 
side, as e — * 0. It converges to 



3ro/4 



'^O Jro/2 JB: 



5^0 



4 /•3ro/4 



'^O Jro/2 JB: 



where 



Vei if \Vei \ < h, 

h otherwise. 



This last expression is bounded below by c„ fo iVfeiP- 

-°'-o/2 

The absolute value of the sum on the averaged first two terms in the right 
hand side converges (first letting e — > and then 5 — > 0) to 

4 /•3ro/4 p ^ |-3ro/4 p 

— / ^eA^e, H / / VeA^e 

'"O Jro/2 J Brn{v>0} '"O Jro/2 J Brn{v<0} 

But on {v > 0}, Ave^ = de^f, on {v < 0}, At>e. = —deiQ- Hence, the 
above sum is bounded by 



h 



I At;, 



< Ch. 



'Bron{t)>0} J Brf^n{v<0} 

Finally, gathering terms and using that 



0/2 



Ej I ; 



'Bro/2n{|DeJ<M 



Claim 13.231 follows. 

We next complete the proof of the bound H(^n~i) (^Si^''^ < C. Fix zq G 

S'i^ and consider S'^^ fl B [zq, r^/A). It suffices to prove our bound for this 
intersection. For each xq in S^"* fl B (zq, ^q/A), and each < r < ro/100, we 
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consider the cover of si^^ n B {zq, ro/4) by the balls B{xo, r). We can cover 
Si^^ nB{zo, ro/4) by finitely many such balls, and by the Vitali covering 
Lemma, we can find N disjoint balls B{xi, r), Xi e Si^^ fl B {zq, ro/4:) so 



N 



that S*^^-* n B {zq, ro/4) C 5r). The disjointness of {B{xi, r)} gives 



1=1 

N 



5^XB(x.,5r)(x) < c„. By Claim [3221 \Vv{x)\ < Cr in B{xi, 5r). By 



i=l 

lAf I > C. We then have: 



/ 



B{xi,5r) {\Vv{x)\<cr} 



< c„ y (Avf < Cr, 

B{zo,ro/2)n{\Vv(x)\<cr} 

by Claim [3l23l Thus, Nr"-~^ < C, which gives our Hausdorff measure bound. 

To conclude this paper we give a simple result in the direction of showing 
that better regularity results can hold for solutions of the composite problem 
than for solutions of f l3.2p (see the end of Remark 13.201) . We will show that 
geometric assumptions on Q can ensure that for all solutions of the composite 
problem, 5^ = and thus JF is real analytic and u is C^'^. 

Proposition 3.7. Let f2 C have two axis of symmetry. Then for all 
solutions u of the composite problem ([1]), (11.21) we have Su = and hence 
is real analytic and u G C^'^. 

Proof. We recall (see |CGI+nnj ) that we say that has an axis of symmetry 
L (which we take to be {xi = 0}) if whenever (xi, X2) belongs to Q, so does 
(— Xi, X2) and the set {xi : (xi, X2) G Q} is either or an interval (— c, c) 
for each X2- Let us give the proof, for simplicity, in the case when the two 
axis Li, L2 are the xi and X2 axis. It is shown in [CGI"'"00] . Theorem 4, 
that any solution u is symmetric with respect to xi (and X2) and u is strictly 
decreasing in xi, for Xi > (in X2, for X2 > ). (The strict decrease follows 
from a < A, see [CGI+OOj . the bottom of page 326). Because of the strict 
decrease, -£^u{xi, X2) 7^ 0, Xi 7^ and -£^u{xi, X2) 7^ for X2 7^ 0. Thus, the 
only possible point in Su is (0, 0). But, by the increase and decrease described 
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before m(0, 0) = supw. Recall that D = {0 < u < c}, = {u = c}. If 

n 

c = supw, D = Q, which contradicts \D\ = A < \Q\. Thus, (0, 0)^ JF and 

n 

the Proposition follows. □ 



Appendix I 

The results ( 1A1.9I) . (lAl.lOp are to be found in |CP] . They are reproduced 
here for the reader's benefit. 
We have the equation 

- Aut + axDtUt = K^)ut (Al.l) 
and the corresponding one for Uq = u, given by 

-Au + axDU = Xu (A1.2) 
where A(0) = A. We also note note that by our definition of Df, 

XDtix) = XD(0-t(a;)). (A1.3) 

We will set, 



Vix)- ^'^^^^^ 



t=o 



dt 

and assume the vector field V G C^{Q) and that V is supported in a compact 
set S. 

Multiplying (lAl.ll) by u, ( 1A1.2I) by Ut and subtracting we get, 
UtAu - uAut + a{xD{,4'-t{,x)) - XD{x))uut = (A(t) - X)uut. (Al.4) 
We integrate IA1.4I over Q. Since, u = Ut = on dQ we get 



UtAu — uAut = 

n 

Thus the integral over Q of (1A1.4I) becomes. 



«(XD(0-t(a;)) - XDix))uut = (A(t) - A) / uut. (Al.5) 
Q. Jn 
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Now from (lAl.ip we notice that if we normalize our functions ||'Ut||2 = 1 as 
we certainly can, we always have ||Mt||2,2 ^ C. Now, 



{uut - u^) 



< I u\u — Ut\ 
'n 



In a tubular neighborhood of dQ, U we have. 



u\u — Ut\ <C 



u 



w 



u 



1/2 



< e 



Outside U by the uniform W'^'^ bounds of Ut we have strong convergence of 
Ut to M in L^. Thus we have. 



lim / uut 



u 



1. 



(A1.6) 



Now we change variables in the left side of (lAl.Sp . We set = y. 

Thus, X = (j)Z\{y). Thus the left side of (jAl.51) becomes, 

" / XD{x){ht{(t)Z\{x))Jt{x) - ht{x))dx. 



Here we have set ht{x) = uut and Jt{x) is the determinant of the Jacobian 
matrix of the transformation y = (j)Zl{x). Since 4>o{x) = I the identity, it is 
well-known that, 

Jt{x) = l+tdivV + 0{t^). (A1.7) 

See for example Lemma l(pg 69) in |Arn97j . in fact flA1.7p is an elementary 
consequence of the fact that for a n x n matrix B, det(/ — tB)^^ = 1 + 
t trace B + O (t^). Since ht G C^'^, we see that, 

ht {(l)Zlix)) Jtix) - htix) =tiiV- W)ht{x) + /it(x)div V) + o{t) 

Thus on division by t and letting t ^ we see easily, 

ht (01t(a;)) Jt{x) - ht{x) 



lim ■ 



{V ■V){u')+u'diYV. 



The term on the right above is. 



div [Vu^) 
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Thus dividing (lAl.Sp by t and using (1A1.6P we easily get, 

A'(0) = a [ div (Vu^) = a [ div (Vu^) . 
Jd Jons 

By the hypothesis that the part of the boundary of dD that hes inside the 
support of V is regular enough to have a bonafide unit outer normal and 
Green's theorem, the last integral above yields, 

A'(0) =a / (y,z/)M^ (A1.8) 
JsndD 

Now consider, 

|A| - 1^1 = / {xD{4>-t{x)) - Xd{x)) dx 



n 



D 



Change variables in the integral above as before to get, 

{Jt{x) — 1) dx. 
By flA1.7p again we see the integral above is, 

t I div V dx + (t^) . 

Thus we easily get, 

^(|A|)k=o= / diYVdx= [ {V,iy)da. (Al.9) 
Jd JsndD 

If u = c along dD, combining flAl.SP and flAl.QP we get. 



7 p 

A'(0) = ac^- (IAD \t=o = ac^ / {V, v) da. (ALIO) 
at Jqjj 



dD 

Appendix II 

We use Blank's |Bla04] notation. We have, 

/i(e) = C+sin(2e + D+)+7, /i>0 
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and also, 

f2ie) = C^smi29 + D_)+fi, /2<0 

Now we focus on the interval [0,27r/3]. First for 6q G (0,27r/3), we know 
/i(^o) = /2(^o) = and fiiOo) = f^{e^) = 0. We get, 

C+ sin(2^o + £>+)+ 7 = C_ sin(2^o + £>_)+ /x = 

and, 

C+ cos(2^o + D+) = cos(20o + 
This leads after squaring and adding both equations to, 

Cl-Cl = ^l^- /x^. (A2.1) 

Next because /i(0) = /i(6'o) = 0, we get, 

C+ sin(D+) = -7, = arcsin(-7/C+) (A2.2) 

and also we have, 

00 = n/2 + arcsin(7/C+). (A2.3) 

Since /2(6'o) = 0, inserting the value of 9q from flA2.3B ) in the expression for 
/2, we see, 

£)_ = arcsin(/x/C_) - 2 arcsin(7/C+). (A2.4) 
Now lastly /2(27r/3) = 0, so, 

C_sin(47r/3 + L'_) = -/i 

We get, 

C_ = /i/sin(7r/3 + L)_) (A2.5) 

Now assume |C+| > 10*^(171 + then by (jMH), > 10^(171 + |/x|). 

Thus, from (ETil) . < 7r/20. From (|A23|) we get, 

\C-\ < 2|/i| 

And we get a bound on |C+| from (]A2.ip again. 
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